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Abstract. We study a nonlinear equation with an elliptic ope- 
rator having degenerate coercivity. We prove the existence of a 
W ' (f2) solution which is distributional or entropic, according to 
the growth assumptions on a lower order term in divergence form. 



To Ildefonso: 
But of all these friends and lovers 
There is no one compares with you [H] 

1. Introduction and statements of the results 

In a joint paper with Ildefonso Diaz the authors of [5] studied bound- 
ary value problems of the type 

/ A(u) = /-div($(u)) in ft, 
[) \ u = ondtt, 

where 

(2) Q is a bounded, open subset of M. N , with N > 2, 

(3) A is a coercive nonlinear differential operator, 

acting on Wq' p (Q), 1 < p < oo, defined by A{y) = — div(a(x, v, Vw)), 
which satisfies the classical Leray-Lions assumptions, 

feW-^'iQ), 

(4) $ belongs to C ^,^^). 

The main feature of problem ([T|) is that no growth assumption was 
assumed on $. 
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Despite that, the authors proved the existence of a solution, in the 
following sense. Let h E C^(R), then u is a renormalized solution to 
problem (pQ) if 

(5) j[a{x,u,Vu) -$(u)]-V[h(u)<j>] = J f[h(u)</>], V^gD(O). 
n n 

In [2] the above problem is studied under the weaker assumption that 
/ G proving the existence of a solution in a slightly different 

sense. For k > and seR, let T k (s) = max{— k, min{s, A;}}. Then u 
is an entropy solution to jT]) if T k {u) belongs to Hq{VL) for every k > 
and for every if G H%(Q) n 

(6) y [a(x, u, V«) - $(«)] • VT fc (u -V)<j fT k {u - if), 
n n 

In this note we will use the latter approach to prove the existence of 
a W 1 ' 1 (fi) solution to the following degenerate elliptic problem: 



(7) 



1 '1 + 6(x)|m|) 2 / v v // 

M = on <9fi. 



Here a(x), b(x) are measurable functions such that 

(8) < a < a{x) < (3, < b(x) < B, 
with a, (3 ER + , B ER and 

(9) f{x) belongs to L 2 (fi). 

We point out that the main difference between the boundary value 
problems and (j7|) is that the coercivity assumption ([3} is not satis- 
fied by the differential operator in (J7J). 

We are going to prove that problem (J7J) has a solution it belonging 
to the non-reflexive Sobolev space Wq' (Q). We point out that this is 
quite unusual for an elliptic problem. According to the growth of <&, u 
will be either a distributional or an entropy solution. 

We recall that the problems 

(10) { V(i + M)V 

u = on d£l, 
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-div + M = / in S2, 



and 



:id ^ ~ V(i + H) 2 , 

■u = on 

have been studied in [6], [3], [7] and [1] proving existence results. In 
this note we prove that the same results hold even in the presence of a 
term in divergence form, that is, for problem (JTj). 

We are going to prove the following theorems, according to the 
growth of $. 

Theorem 1. Assume (0), (TJJ), (0) and (0) and that there exists a 
positive C such that 

(12) \$(t)\ < C \t\ 2 VteR. 

Then there exists a distributional solution u G W ' (O) fl L 2 (Q) to 
problem (Tj^), in the sense that 

n n n n 

forall^eW^iQ). 

In the case where assumption (fT2l is not satisfied, one can prove the 
existence of more general solutions, that is, renormalized solutions as 
in [5], or entropy solutions as in [2]. Since the proof of existence of 
entropy solutions is easier (due to the fact that the weak convergence 
proved in Lemma is enough), we will only prove the second result. 
Note however that the two concepts of solutions are equivalent (at least 
in the framework of Lebesgue data, see [8]) so that one can recover the 
existence of a renormalized solution from the existence of an entropy 
one. 

Theorem 2. Assume (0), (TJP, (0) and (0). Then there exists an en- 
tropy solution u G Wq' (O) D L 2 (Vl) to problem (0), in the sense that 
T k (u) belongs to Hq(Q) for every k > and 

+ / uT k {u-(p) 

{l + b{x)\u\y J 
n n 

< J fT k (u-<p) + J • WT k (u -if) \/ipe H^O) n L°°(n) . 
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2. Proofs of the results 

To prove our existence results, we begin by approximating the bound- 
ary value problem ([7j). Let {/„} be a sequence of L°°(Q) functions such 
that f n strongly converges to / in L 2 (Q), and \f n \ < \ f\ for every n in 
N. 



Lemma 3. There exists a solution u n in Hq(Q) D L°°(Q) of 
(13) 



div( , t a( f" )V "". v; ) ■ ■ i„ Q. 



l + 6(s)KI) 2 , 

it„ = on <9fi. 



Proof. Let M„ = ||/n|| L00 ^ + 1> an d consider the problem 
(14) 

Riilr = M*(r„„H)) m n, 

w = on dVt. 

The existence of a (fi) weak solution w to ffT4")) follows from Schauder's 
Theorem. Choosing (\w\ — ||/ n || ioo ) + sgn(w) as a test function we 

obtain, dropping the nonnegative first term, and using the divergence 
Theorem on the last one, that \w\ < ||/J| roo , , < M n . Therefore, 

Tm„(w) = w, and w is a bounded weak solution of (fl3~|) . □ 

In the following result we are going to prove some a priori estimates 
on the solutions u n to problems (ITBl . 

Lemma 4. Letu n be the sequence of solutions to ( TJgj) . Then for every 
k>0, 

|2 ^ / I f|2 



(15) y Kr< , ,,, 

{K|>fc} {|«n|>fc} 

(16) lim meas({|-u n | > A;}) = uniformly with respect to n; 

fc— >+oo 



< 17 > "iirfi^^^ 

n n 
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Proof. Let k > 0, i > 0, and let ipi t k{s) be the function defined by 

if < s < k, 

. i(s — k) if k < s < k + i, 

^ = < 1 iis>k + i 1 

ipi,ki s ) = -A,k{- S ) if s < 0. 
The choice of \u n \ ipi,k(u n ) as a test function in ([13]) yields 



a(x)Wu, n \ 2 , , , S1 /" a(rr)|Vu 
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|^,fc("n)|+ / ^ : w m" ixo ^JfeWK- 



l + 6(z)K|) 2TOV " 7 (1 + &(*)K|) 2 

si 

+ / U n \u n \lp iik {u n ) = / / n |w n |^i,fc(«n) + / *K) • V(|M n | 1pi,k(u n )) . 



n 



By the divergence Theorem the last term is zero. Since ^ fc (s) > 0, we 
can drop the second term of the left hand side. By (jSJ) one gets 

a j (1 + ^SL |) 2 + / ^KfeKO < y |/||Wn||^t,ft(Wn)| ■ 

n n n 

We infer (|T5|) from this estimate as in [I], letting i — )■ oo. One can 
prove (fl6l) and (ITTj) with the same arguments as in [I]. 
The choice of TU test function in (fl3l gives 

a , |2 



VT fc Un i<fc 11/11 r1 _+ % 



by using (jSJ) and dropping the positive term J u n Tk{u n ). By the di- 

n 

vergence Theorem the last integral is zero. This implies (fT8j) . □ 

The estimates proved in Lemma 4 can be used as in [I] to prove the 
following result. 



Lemma 5. Let u n be the solutions to [13]) . Up to subsequences, the se- 
quence {u n } converges to some function u strongly in L 2 (Q) and weakly 
in W^iQ). 

We are going to prove Theorem [TJ 

Proof. Let u n and u be as in Lemma [51 We now pass to the limit in 
the approximate problems (|T3|) . The lower order term on the left hand 
side and the first term of right hand side easily pass to the limit, due 
to the L 2 (Q) convergence of u n to u and of f n to /. For the operator 
term one can pass to the limit as in [3]. 
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For the last term, since u n converges to u in L 2 (Q) and thus a.e. in 
Q, and $ is continuous, $(«„) — > a.e. in Q. Moreover, if E is any 
measurable subset of Q we have, by (|T2|) . 

MUn)\<C f \u n \ 2 . 



The last term tends to 0, as meas(.E') — > 0, uniformly with respect to 
n, by Vitali's Theorem. Again by Vitali's Theorem, we deduce that 
$(«„) — > in (L l (Q)) N . This allows us to pass to the limit in the 
last term. □ 

We are now going to prove Theorem [2j 

Proof. We consider T k {u n — tp) as a test function in (|T3|) and we pass 
to the limit as n — > oo. We can write the operator term as 



a[x) 



;i + ^)Ki) : 



\VT k (u n -ip)\ 2 + I ,. 2 V<p-VT k (u n -<p). 
J {l + b{x)\u n \y 



Estimate f|T8|) and the a.e. convergence of u n to u imply that T k {u n — 

d(x) 

<p) — > T k (u — if) weakly in Hq(Q). Since — — ; — p-r is bounded in 

(1 + b{x)\u n \y 

Q, we deduce that 

lh)ihif a(x)\VT k (u n - y?)| 2 > f a{x)\VT k {u-^)\< 



n— >oo 

n 



b(x)\u n \) 2 'J (l + b(x)\u\) 2 • 
n 

For the second term one has 

/ n±h( X \\ ^ V^-VT fc K-y)^ / a [ X \ V^-VT k (u-^) 
J (1 + b(x)\u n \y J (l + b{x)\u\y 

a n 

since T k (u n -ip) -)■ T k (u-Lp) weakly in #o(Q) and — 
a(x\ 

r V<£> in (L 2 ^))^ by Lebesgue's Theorem. 



'\ + b(x)\u\y ^ 

By the L 2 (Q) convergences of u n to u and /„ to / we deduce that 

u n T k (u n -ip) -)> y uT k (u—(p) , J f n T k (u n -(p) -> y fT k (u-<p) 
n n n 

Let us now study the last term: y $(w„) • VT fc («„-(/)). This is non zero 
only in {|w n — <£>| < A;}. On this set $(it„) is bounded, by the continuity 
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of By the weak Hq(Q) convergence of Tk(u n — ip) to Tk(u n — ip) we 
deduce that 

J $K) • VT k {u n - <p) ->• y • VT fe (w - , 
as desired. □ 
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